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1. Introduction 



Throughout this paper, k denotes an algebraically closed field of characteristic 
2, F g denotes a finite field of characteristic 2 and F q denotes an algebraic closure 
of F g . 

In [2] , Hesselink determines the nilpotent orbits in classical Lie algebras under the 
adjoint action of classical groups over k. In [8], Spaltenstein gives a parametrization 
of these nilpotent orbits by pairs of partitions. We extend Hesselink's method 
to study the nilpotent orbits in the Lie algebras of orthogonal groups over F q . 
Using this extension and Spaltenstein's parametrization we classify the nilpotent 
orbits over F g . We determine also the structure of the group of components of the 
centralizers. In particular, we obtain the number of nilpotent orbits over F q . 

Let G be a connected reductive algebraic group over an algebraically closed field 
and g be the Lie algebra of G. When the characteristic of the field is large enough, 
Springer [10] constructs representations of the Weyl group of G which are related 
to the nilpotent G-orbits in g. Lusztig [3] constructs the generalized Springer 
correspondence in all characteristics which is related to the unipotent conjugacy 
classes in G. Let G a d be an adjoint algebraic group of type B, C or D over k and 
Qad be the Lie algebra of G a d- We use a similar construction as in [HE] to give the 
Springer correspondence for Q a d- Let 2l ac ; be the set of all pairs (c, F) where c is a 
nilpotent G a( j-orbit in Q a d and T is an irreducible G a£ ;-equivariant local system on 
c (up to isomorphism). We construct a bijective map from the set of isomorphism 
classes of irreducible representations of the Weyl group of G a d to the set %. a d- In 
the case of symplectic group a Springer correspondence (with a different definition 
than ours) has been established in [3]; in that case centralizers of the nilpotent 
elements are connected [5]. A complicating feature in the orthogonal case is the 
existence of non-trivial equivariant local systems on a nilpotent orbit. 

Most of the results in this paper have been announced in [13] , 

2. Hesselink's classification of nilpotent orbits over an 
algebraically closed field 

We recall Hesselink's results about orthogonal groups in this section(see [2]). Let 
I be a field of characteristic 2, not necessarily algebraically closed. 

2.1. A form space V is a finite dimensional vector space over K equipped with 
a quadratic form Q : V — > K. Let (■,■) : V x V ^ K be the bilinear form 
(v, w) = Q(v + w)+ Q(v) + Q(w). Let V ± = {v £ V\ (v, w) = 0, V w G V}. A form 
space V is called non-defective if V 1 - = {0}, otherwise, it is called defective. V is 
called non-degenerate if dim(F J ") < 1 and Q(v) ^ for all non-zero v S V . 

l 
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Let V be a non-degenerate form space of dimension N over K. Define the 
orthogonal group 0(V) to be {g G GL(V)\Q(gv) = Q(v), V v G V} and define 
o(V) to be {x G End(F)|(xw, u) = 0, V t> G V" and tr(a^) = 0}. In the case where IK 
is algebraically closed, let SO(V) be the identity component of 0(V) and we define 
Ojv(K), ojv(K) and SO N (K) to be 0(V), o(V) and SO(V) respectively. 

2.2. Define a form module to be a pair (V,T) where V is a non-degenerate form 
space and T is a nilpotent element in o(V). To study the nilpotcnt orbits in o(V) 
is equivalent to classify all the form modules (V, T) on the form space V. Let A = 
K[[t]] be the ring of formal power series in the indeterminate t. The form module 

V = (V, T) is considered as an A-module by (J2 a n t n )v — a n T n v. Let E be the 
vector space spanned by the linear functionals t~ n : A — > K, ^ aft w o„, n > 0. 
Let £0 be the subspace Kt~ 2n . Denote ttq : E — > E'o the projection. _E is 
considered as an A-module by (au)(b) = u(ab) for a, 6 G A, it G 

An abstract form module is defined to be an A-module V with dim(t^) < oo, 
which is equipped with mappings ip : V x V — > E and ip : V — > Eq satisfying the 
following axioms: 

(i) The map <p(-,w) is A-linear for every w G V. 

(ii) p(v,w) — (p(w,v) for all u, to G V. 

(iii) ip(v, v) = for all u G V. 

(vi) + •&?) = ^>(u) + ip(w) + iro((p(v, w)) for all v, w G V. 

(v) ip(av) — a 2 ip{v) for w G V, a G A. 
The following proposition identifies a form module (V, T) and the corresponding 
abstract form module V = (V, p, iff). 

Proposition 2.1. j2] If (V,<p,if>) is an abstract form module then (V, (•,•), Q) given 
by (i) is a form module. If (V, (•,•)> Q) * s a /orm module there is a unique abstract 
form module (V,p,tp) such that (i) holds; it is given by (ii). 

(i) (v,w)=tp(v,w)(l), Q(v)=ip{v)(l). 

(ii) p(v,w)=J2(t n v,w)t- n , i>(v)=J2Q(t n v)t- 2n . 

2.3. An element in o(V) is nilpotent if and only if it is nilpotent in End(K). 
Let T be a nilpotent element in o(V). There exists a unique sequence of integers 
Pi > • • • > Ps > 1 arL< i a family of vectors «i, . . . , v s such that T Pi Vi = and the 
vectors T qi Vi, < qi < pi ~ 1 form a basis of V. We write p(V,T) = (pi, . . . ,p s ). 
Define the index function x(V, T) : N -> Z by x(V, T)(m) = min{fc > 0|T m u = ^ 
Q(T k v) = 0}. Define to be the minimal integer m > with i m V^ = 0. For 
v G V we define /i(u) = /i(Aw). 

2.4. Let V be a form module. An orthogonal decomposition of V is an expression 
of V as a direct sum V = Yli=i ^ 01 mutually orthogonal submodules Vi. The form 
module V is called indecomposable if V ^ and for every orthogonal decomposition 

V = V% ® V% we have Vi = or V2 = 0. Every form module V has some orthogonal 
decomposition V = J2l =1 Vi in indecomposable submodules Vi, V2, • • • , V r . The 
indecomposable modules are classified as follows. 

Proposition 2.2. 2J Let V be a non- degenerate indecomposable form module. 
There exist Vi,V2 G V such that V — Av\ Av2 and fi(vi) > n(v2). For any such 
pair we put m — fj,(vx),m' = /i(u2), ( E > = <p(vi,V2) and = ip(vi). One of the 
following conditions holds: 
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(i) m' = /Lt($) = to, fj,(^fi) < 2m - 1. 

(ii) m' = = to - 1, /Lt(*i) = 2m - 1 > /i(*2)- 

Conversely, let m G N, to' € N U {0}, $ G 2?, ^1,^2 € -So ^ e given satisfying (i) 
or (ii). t/p to a canonical isomorphism there exists a unique form module V — 
Av\ © Av2 with to = n{v\),m' = fi(v 2 ), $ = <^(tfi,i>2) and = ip(vi). This form 
module is indecomposable. In case (i) it is non-defective. In case (ii) it is defective 
and non- degenerate. 

From now on assume K is algebraically closed. The indecomposable modules in 
Proposition 12 . 21 are normalized in [2] section 3.4 and 3.5 as follows. 

Proposition 2.3. [2] The indecomposable non- degenerate form modules overK. are 

(i) Wi(m) = Av x ©Au 2 ,[^±l] < I < to, /i(« x ) = /x(u 2 ) = to, </>(«i) = £ 2 ~ 2 ', 
VK^) = and y(ui, w 2 ) = t l ~ m ; ([a] means the integer part of a.) 

(ii) D(m) = Avi © Av 2 , (i{v{) = m,fj,(v 2 ) = to - 1, ip(vi) = t 2 - 2m , ip(v 2 ) = 
and </?(«i, v 2 ) = t 2 ~ m . 

We have XWi(m) = [ m i an d XD(m) = [to; to], where [m; Z] : N — > Z is defined by 
[to; Z](n) = max{0, min{n — m+Z, Z}}. Among these types of indecomposable modules 
only the types D(m) are defective. 

Remark 2.4. We use slightly different notation with [2] . The form module Wj m+i j (to) 
in (i) is isomorphic to the form module W(m) in [2]. 

Finally this normalization of indecomposable modules can be used to classify 
all the form modules. Let V = (V, T) be a non-degenerate from module with 
p(V, T) — (Ai, . . . , Ai, . . . , Afc, . . . , Afe) where Ai > • • • > Afe > 1 and index function 
X = x{V,T). Let TOi £ N be the multiplicity of Ai in p(V,T). The isomorphism 
class of V is determined by the symbol 

W20 = (Ai)S , Al) (A a )S , Al) ---(A*)^ ) . 

A symbol 5 1 is the symbol of an isomorphism class of non-degenerate form modules 
if and only if it satisfies the following conditions 

(i) x(A») > x(Ai+i) and Ai - > K+i ~ x(h+i), for £ = 1, . . . , fe — 1; 

(ii) ^<x(Ai)<Ai,fori = l,...,*:; 

(iii) x(Ai) = Ai if rrij is odd, for i = 1, . . . , fc; 

(iv) {Aj|mi odd } = {to, to — 1} n N for some to G Z. 

In the following we denote by a symbol either a form module in the isomorphism 
class or the corresponding nilpotent orbit. 

3. Indecomposable modules over F q 

Note that the classification of the indecomposable modules (Proposition 12. 2p is 
valid over any field. Similar to [5] Section 3.5, we first normalize the non-degenerate 
indecomposable form modules over F q as follows. Fix an element S in F q such that 
S £ {x 2 + x\x G F q }. 

Proposition 3.1. The non-degenerate indecomposable form modules over F q are 

(i) W?{m) = Avx © Av 2 , [^J < I < to, with n(vi) = (x(v 2 ) = to, ip(vi) = 
t 2 - 2l ,ip{v 2 ) = and <p(v 1 ,v 2 )=t 1 - m ; 

(ii) Wf{m) = Av 1 ®Av 2 , ^ < Z < to, with n(v x ) = n(v 2 ) = to, V(t>i) = t 2 - 21 , 
ip{v 2 ) = St 2l - 2m and tp{vi,V 2 ) = t x - m ; 
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(iii) D(m) = Av\®Av2 with fi(vi) — m, ^(w 2 ) = m— 1, ^(ui) = t 2 2m , tp(v2) = 
and <f(vi,V2) = t 2 ~ m . 

We have Xw°(m) = Xwf(m) = and XD(m) = [m;m]. Among these types 

only the types D(m) are defective. 

Proof. As pointed out in [2] , the form modules in Proposition I2.2I (ii) over F g can 
be normalized the same as in Proposition I2.3I (ii). Namely, there exist v\ and V2 
such that the above modules have the form (iii). 

Now let [/(to) = Av\ © Av2 be a form module as in Proposition I2.2I (i) with 
/J,{vi) = n{v 2 ) = to, we can assume /i( v E'i) > M^s)- We have the following cases: 

Case 1: *i = * 2 = 0. Can assume $ = i 1_m . Let Vi = v 1 +t m+1 ^ nl t 1 ^V2,V2 = 
v 2 , then we have ip(i>i) — i 2 " 2 !^— 1, ^i(w 2 ) = 0, <p(vi,V2) = t x ~ m . 

Case 2: ^1 ^ 0, ^2 = 0. Can assume $ = t 1 ^" 1 and *i = t~ 21 , where I < to- 1. 
If I < let w x = vi + t m+1 - 2 ^k> 2 +t m - 2l - 1 v 2 , v 2 = v 2 ; otherwise, let 

V\ = vi, v 2 = v 2 - Then we get ip(vi) = t~ 21 , [^f^-] < I < m - 1, V(*>a) = 
0, «a) =i 1 " m . 

Case 3: *i 7^ 0, * 2 7^ 0. Can assume *i = t" 2 ' 1 , $ = t x ~ m , * 2 = Ei=o a ^~ 2i 
with 1% < Zi < to — 1. 

(1) ii < [y], let w 2 = w 2 + El^o 1 x i^ v ^-i then ^(^2) = has solution for Zj's. 
Then we get to Case 2. 

(2) h > [f ], let £ 2 = v 2 + EHo 1 ^!- If Om-ii-i e {x 2 + x|s € FJ, 
then ^(^2) = has solution for cc^'s and we get to Case 2. If a m -i x -i £ 
{x 2 + x\x e F 9 }, then tjj(v 2 ) = <5i — 2 ( Tri Zi — 1) nag so l u tion for Xj's. 

Summarizing Cases 1-3, we have normalized [/(to) = Av\ ® Av2 with fi(vi) = 
fi>(v2) = to as follows: 

(i) l^} < X(m) = I < m, VK) = t 2 ~ 21 , i>{v 2 ) = 0, tp( Vl ,v 2 ) = t 1 ""*, 
denote by W°( 

(ii) ™±I < x ( m ) = / < m , ^( Wl ) = t 2 ^ 2 ', ^,(« 2 ) = 5 t -2(m-0 > ^(v!,^) = f 1 "™ 

denote by W/( TO . 

One can verify that these form modules are not isomorphic to each other. □ 

Remark 3.2. It follows that the isomorphism class of the form module Wi(m) 
over F q remains one isomorphism class over F q when I — ^ and decomposes into 
two isomorphism classes W®(m) and Wf{m) over F q when I ^ 

4. NlLPOTENT ORBITS OVER F g 

In this section we study the nilpotent orbits in the orthogonal Lie algebras over 
F q by extending the method in [2]. Let V be a non-degenerate form space over F g . 
An isomorphism class of form modules on V over F q may decompose into several 
isomorphism classes over F q . 

Proposition 4.1. Let W be a form module (^O^Ax)^ 2 )™^) ' ' ' (^ s )™(a ) on ^ e 
form space V. Denote by n\ the cardinality of {1 < i < s — l\x(\) + x(^i+i) ^ 
Aj, x(Ai) 7^ Aj/2} and by n 2 the cardinality of {1 < i < s\x(\i) + x(A»+i) < 
At) x(Ai) 7^ A 4 /2} ('ftere de/ine x(A s +i) = 0J. 

(i) // y is defective, the isomorphism class of W over F q decomposes into at 
most 2™ 1 isomorphism classes over F q . 
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(ii) If V is non- defective, the isomorphism class of W over F q decomposes into 
at most 2" 2 isomorphism classes over F q . 

Note that we have two types of non-defective form spaces of dimension 2n over 
F q , V + with a quadratic form of Witt index n and V~ with a quadratic form of Witt 
index n-1. We denote 0{V+) {0{V~)) by Oj„(P g ) ( Oj„(F 9 )) and o(V+) {o(V-)) 
by o+ (F,) (o 2n (F q )) respectively. Let SO+ (F,) - 0+ n (F q )nS0 2n (F q ). The form 
modules on y + (resp. V ) have orthogonal decompositions (Ai)ffi- • •© W£ k (A&) 
with #{1 < i < k\ei — S} being even (resp. odd). 

Corollary 4.2. (i) The nilpotent 2n+1 (F q )- orbit (Ai)™A v • • • (A S )™ ( S A _ in 02n+l(Fq) 
decomposes into at most 2 ni 02n+i(F q )-orbits in o 2n +i(F q ). 

(ii) J/x(Ai) - Ai/2 , * = 1, . . . , a, the nilpotent 2n (F q )-orbit • • ■ 

m 02n(F 9 ) remains one C>2 n (F q )-orbit in o 2n (F q ); otherwise, it decomposes into at 
most 2" 2 " 1 0% n (F q )- orbits in o^ n (F q ) and at most 0^ n {F q )- orbits in 2n (F q ). 

Here n\ , n 2 are as in Proposition \4-l\ 

Remark 4.3. In Corollary 14.21 (ii), if x(A^) = Aj/2 ,i — 1, . . . , s, then n is even; if 
x(Aj) ^ Ai/2 for some i, then n 2 > 1. 

Before we prove Proposition 14. 11 we need the following lemma. 

Lemma 4.4. (i) Assume k > m and I > m. We have W°(k) © D(m) = Wf(k) © 
D(jn) if and only if I + m > k. 

(ii) Assume h > l 2 ,Xi ~h>X 2 - l 2 . Ifh + h > A X) then W^(Xi) © W£(A 2 ) = 
K (Ai) © < (A 2 ) and (Ai) © < (A 2 ) S (Ai) © W° (A 2 ). 

(iii) Assume «i > i 2 , A x - Zi > X 2 -l 2 . Ifh+h < Xi, then W^{X X ) ® W^{X 2 ) = 

Wi? (Ai) © Wj £ 2 2 (A 2 ) if and only if t\ — e[, e 2 — e' 2 , where e i7 e- = or S, i = 1,2. 

(iv) Assume m> k, we have D(m) © Wj}(k) = D(m) © W^(fc). 

Proof. We only prove (i), (ii)-(iv) are proved similarly. Assume the form module 
WP(k) © D(m) corresponds to the nilpotent element T in o(V). Take vi,wi and 
v 2 ,w 2 such that W?{k)®D(m) = Avi®Awi®Av 2 ®Aw 2 and^(^i) = t 2 ^ 21 ,%jj(wi) = 
0,ip(v u wi) = i 1 - fe >(w 2 ) = t 2 - 2m ,ij(w 2 ) = 0,<p(v 2 ,w 2 ) = t 2 - m ,ip(v u v 2 ) = 
<p(vi, w 2 ) — ip(wi, v 2 ) — f(wi, w 2 ) = 0. Similarly, assume the form module Wf{k)® 
D(m) corresponds to the nilpotent element T" in o(V). Take v[,w' 1 and v' 2 ,w' 2 
such that Wf(k) © D(m) = Av[ © Aw^ © Av 2 © Aw 2 and ip(v[) = t 2 ~ 21 , ip(w[) = 

st^^iv'^wi) = t^- k Mv' 2 ) = t 2 ~ 2 "\^K) = 0,v(v' 2 ,w 2 ) = i 2 - m ,^K,« 2 ) = 

vK, w 2 ) = (^(wi,^) = <^(u4,u> 2 ) = 0. 

We have W°(k) © D(m) = W*(fc) © D(m) if and only if there exists a linear 
isomorphism g : V — > V such that T'gv = (/Tv and ip(gv) = ip(v),ip(gv, gw) = 
ip(v,w) for any ti,M£V. Assume 

k — 1 m — 1 m — 2 

ffUj- = ^(Oj.it'ui + /'''', ; + Cj-^t'Va + X! ^J.***' 1 ^' 

i=0 i=0 i=0 

fe — 1 m — 1 m—2 

8=0 1=0 8=0 

Then © D(m) = W/(fc) © D(m) if and only if the equations ip(gVi) = V'(^i), 

V'Cfl'^i) = Tp{wi),¥>(gi>i,gVj) = <p(vi,Vj),<p(gVi,gWj) = ip{v i ,w ),ip{gw l ,gw j ) = 
ip{wi,Wj) have solutions. 
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If I + m < k, some equations are e\ 21-k-i + e i,2i-fc-i = 5 (2 7^ or af + 

Oi,o&i,o = l>ei,0 + e i,o/i,0 = Mi,o/i,o + bi$ei fi = 1 (I = ^±±). By the definition 
of 8, this has no solution for &x,2l-k-i or aj. o» &i,0i e i,o> /i,0i which implies that 
Wf (fe) © D(m) ^ Wf(fc) © D(m). 

IfZ+m > fc, let g^i = = w' 1 +v / ^i /+m_fc ~ 1 W2, 9^2 — v' 2l gw2 = w 2 +\/<5^?;i, 

and gi'vj = t l gvj, gt l Wj = t l guij, then this is a solution for the equations. It follows 
that W?{k)®D(m)^Wf(k)®D(m). □ 

Proof of Proposition \4. 1\ We prove (i). One can prove (ii) similarly. 

Let V be a non-degenerate and defective form space, then dimV^ is odd, say 
2ri + 1. By the classification in subsection 12. 4[ we can rewrite the symbol by 

( Al )x(Ai)( A2 )x(A 2 ) ' ' ' ( A fe) x (A fc )( A fe+l)^ + i( A fe+l- 1 )(A fc + 1 -l)(Afe+2)A fc + 2 ' ' ' (Xk+l)l h+l , 

where Xi > ■■■ > X k+1 > X k+2 > • • ■ > A fe+; , x(\) > x(K+i) and \ - x(\) > 
K+i — x(Aj+i) for 1 < i < k{ by abuse of notation, we still use A), I > 1. A repre- 
sentative W for this isomorphism class over F g is W x (a 1 )(Ai) © • • • © W x r\ k )(Xk) © 
Z)(A fc+ i)©WA fe+2 (Afc +2 )©-- ■©WA i , + ,(A fe+ i). By PropositionOand Remark[S21 to 
study the isomorphism classes into which the isomorphism class of W over F q de- 
composes over F q , it is enough to study the isomorphism classes of form modules of 
the form W^ Ai) (A!)ffi- • •ffi^ Afc) (A fc )ffl^(A fc+1 )ffi^^(A fc+2 )ffl- • ■0W££(A fc+l ), 
where = or <5. Thus to prove (i) is equivalent to show modules of the above 
form have at most 2™ 1 isomorphism classes. 

We have m = #{1 < i < k\x(\) + x(X t +i) < A*, x( A i) ^ A 2 /2}. Suppose 
ii,i 2 , ■ • ■ ,i m are such that 1 < ij < fc, x(A; . ) + x(Xi j+ x) < A;., x{Xi 3 ) 7^ \J1,3 = 

1. . . . . m. Then using Lemma 14.41 one can easily show that modules of the above 
form is isomorphic to one of the following modules: V^ 1 © • • • © Ku 1 © Kn+i> where 

v t et = ^.^o^-i+i) © ••• © ^-0(^-1) ® w xK t )( A -)> * = i. - ■ -m. 

i = 0, e t = or S and Ku+i = W° {x +i) (A;„ 1+ i) © • • • © W£ (Afc) (A fc ) © D(X k+1 ) © 
VF A ° fc+2 (A fc+2 ) © • • • © VF A ° fc+i (A fe+ i). Thus (i) is proved. □ 

5. Number of nilpotent orbits over F q 

5.1. In this subsection we recall Spaltenstein's parametrization of nilpotent or- 
bits by pairs of partitions when the base field is algebraically closed, see [5] . For 
o 2 n+i(F g ), the orbit (Ai)£ (Al) ■ • ■ (Xkf x{Xh) (X k +i)x k+1 {X k+1 -l)( Xk+1 -i) (X k+2 )l k+2 • • • 
(X k +i)l k+l is written as (ai+/3i)^ i+1) ■ ■ ■ (a k +p k )f ak+1) (a k+1 +l) {ak+1+1) (a k+1 ) ak+1 
(a k +2)a k+2 ' ' ' ( a k+i)a k+l an d the corresponding pair of partitions is (a, (3), where 
a = (ai...,a k+ i),[3 = (f3x,...,Pk) satisfies a x > ■ ■ ■ > a k+l > 0, (3 X > ■■■ > 
f3 k > and \a\ + \(3\ = n. For o 2n (F g ), the orbit (Ai)^ A \ ■ ■ • (Afe)wA* ) * s wr ^ten as 
(«i + /3i)a 1 ■ ■ ■ (ct k + /3 k )a k an d the corresponding pair of partitions is (a, (3), where 
a = (ax, . . -,a k ), (3 = ...,f3 k ) satisfies ax > ■ ■ ■ > a k > 1, Px > • • • > 0k > 
and |a| + |/3| = n. 

5.2. In this subsection we count the number of nilpotent orbits over Fq. Denote 
by P2(n) the cardinality of the set of pairs of partitions (a, (3) such that \a \ + \f3\ = n 
and p(k) the number of partitions of the integer k. 

Proposition 5.1. (i) The number of nilpotent 2n +i(Fg)- orbits in o 2n +i(F 9 ) is 
at most P2(n). 
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(ii) The number of nilpotent O^niFq)- orbits in oJ„(-F g ) is at most ^p 2 (n) if n is 
odd and is at most h(p2,(n) if n is even. 

Proof, (i) The nilpotent orbits in o 2n +i(F g ) are mapped bijectively to the set 
{(a,/?)||a| + \(3\_ = n,Pi < a.i + 2} := A([8J). By Corollary (i), a nilpotent 
orbit in 02n+i(F<j) corresponding to (a, 0) G A, a = (a±, . . . , a s ), [5 = (/3±, . . . , /?*) 
splits into at most 2™ 1 orbits in o 2 „+i(F g ), where n\ = #{1 < i < i|a,-+i + 2 < 
ft < on + 2}. We associate to this orbit 2" 1 pairs of partitions as follows. Sup- 
pose ri, r%, r ni are such that a n +i + 2 < ft 4 < a Ti +2, i = 1, ...,m. Let 
a 1 ' 4 = (arn+ir'-,^)^ 1 '' = (ft 4 _ 1+ i, •••,&•<), a 2 '* = (ft 4 _i+i - 2, . . . , ft, - 
2), ^ = (a r< _ 1+ i + 2, . . . , a n + 2), i = 1, .., m, = (a rB1 +1 , . . . , a fl ), ft ll+1 = 

(ft n + i, . . . , ft). We associate to (a, /3) the pairs of partitions (a e i'-"> e »i , ^i,...,e ni ^ 

5e 1 ,...,6n I = ( a e 1 ,l ) ... )Q; e„ 1 ,m )Q ,n 1 +l) ) ^6 1 ,...,e„ 1 = ^l^.,.^!,"!^!^ w h ere 

e.j e {l,2},z = 1, ...,m. Notice that the pairs of partitions (a ei <---> en x ,f3 ei <---> en i) 
are distinct and among them only (a, /3) = (a 1 '"' 1 ,/? 1 '"' 1 ) is in A. One can ver- 
ify that {(a^-^J^-^)\(a,(3) e A,m = #{i|a i+ i + 2 < ft < a, + 2}} = 
{(a,/3)||a| + |/3| = n}, which has cardinality p 2 (n). But the number of nilpotent 
orbits in o 2 „+i(F 9 ) < #{(a ei '"- e -i ) /9 ei '"- e »i)|(a ) /9) € A,m = #{i|a i+ i + 2 < 
ft < aj + 2}} and (i) is proved. 

(ii) Similarly, the nilpotent orbits in o 2 n(F g ) are mapped bijectively to the set 
{(a, (3)\\a\ + \/3\ = n,ft < on} := A'flSJ). By Corollary (ii), a nilpotent orbit in 
02n(F,j) corresponding to (a, ft) € A' with a = (0:1,0:2, . . . ,a s ),0 = (ft, ft, ■ ■ ■ , ft) 
and a ^ j3 splits into at most 2" 2_1 orbits in o^„(F 9 ), where n 2 = #{i|ai+i < ft < 
Qij} — 1. We associate to this orbit 2™ 2_1 pairs of partitions as follows. Can assume 
a s 7^ 0. Suppose r , 1 ,r 2 , . . . ,r„ 2 are such that a ri+ i < ft 4 < a Ti ,i — 1, . . . ,n 2 . Let 
a 1 ' 4 = (a ri _ 1+1 ,...,a r J,^ = (ft^+i, . . . , ftj, a 2 ' 1 = (ft^+i, . . . , ft 4 ), ft 2 ' 4 = 
(a r4 _ 1+ i, . . -,a ri ),i = 1, ..,n 2 ,a" 2+1 = (a r „ 2+ i, . . . , a s ), f3 n2+1 = (ft„ 2 +i, ■ ■ ■ ,ft)- 
We have 2™ 2 distinct pairs of partitions (a ei > - ' e ™2 ( / gei,...,e» 2 ^ gei,...,E„ 2 _ (^1,1 ; ; 

a e„ 2 ,n 2;Q ,n2 + l) ;/ 3 £ i,..., e „ 2 = (fti.l, . . . , ft^.^, ft^+1), where 6* g {l,2},i= l,...,n 2 . 

We show that in these pairs of partitions (a', ft) appears if and only if (ft, a') ap- 
pears. In fact we have a, = ft, for i > r„ 2 which implies a" 2+1 = /3™ 2+1 . Thus we 

have (Q, e i + 1 ( moci2 ):---> e !i2 + 1 ( moc ' 2 ) ^ei+l(mo(i2),...,e„ 2 +l(moe22)\ _ (Qet,...,e n3 ( g,e 1 ,...,£„ 2 \ 

Hence we can identify (a',/3 1 ) with (ft, a'), and then associate 2™ 2_1 pairs of par- 
titions to the nilpotent orbit corresponding to (a, ft. One can verify that the set 
of all 2 n2_1 pairs of partitions associated to pairs of partitions in A' is in bijection 
with the set of pairs of partitions (a, ft such that |a| + \/3\ = n with (a, ft identified 
with (ft a), which has cardinality ^p 2 (n) if n is odd and \{pi{ri) +£»(§)) if n is 
even. Thus (ii) follows. □ 

Corollary 5.2. The number of nilpotent SO~2 n (F q )- orbits in o 2 f n (F 9 ) is at most 
ip 2 (ro) if n is odd and is at most i(p 2 (n) + 3p(^)) if n is even. 

Proof. We show that the O^Fg) orbits that split into two SO^n (F g )-orbits are 
exactly the orbits corresponding to the pairs of partitions of the form (a, a). The 
number of these orbits is p(f )■ Let x be a nilpotent element in oJ n (F g ). The 
0^ J1 (F I j)-orbit of x splits into two SO^i (Fg)-or bits if and only if the centralizer 
Z Q + ( F Jx) C SC>2 n (F q ). It is enough to show for indecomposable modules V, 
Zg(V) C SO+ n (F q ) if and only if x (m) = \m, for all m e N. 
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For W?(m),Wf(m), I > let e = or 5 and v\,v e 2 be such that W[{m) = 

A e v{ 8 A e v 2 and ip € (v{) = t 2 ~ 21 , ^(v e 2 ) = et~ 2m+2 \ <p e (v{,v^) = t 1 '" 1 . Let w e 2 = 
vl+tf~ x ^ m v\. Defined by u e {aiv{+a 2 v c 2 ) = a l v{+a 2 w t 2 . Then u e G Z G (W, e (TO)), 
but u e £ SO+ n (F g ) (see 0). 

For VT ; °(m), ^ = m/2, let t>i, «2 be such that Wj°(rn) = Avi © v4«2 and = 
i 2 -™, V(w 2 ) = 0, f(v u v 2 ) = t x ~ m . Let W = span{^«!, iir+V, t m - 1 v 1 ,t^v 2 , 
t~ +1 v 2 , ■ ■ ■ ,t m ~ 1 V2}- Then W is a maximal totally singular subspace in V and 
Z G (V) stabilizes W. Hence Z G (V) C 50^„ (F g ). □ 

6. Springer corresopondence 

Throughout subsection l6.Hl6?5l let G be an adjoint algebraic group of type B r , C r 
or D r over k and g be the Lie algebra of G. Fix a Borel subgroup B of G with Levi 
decomposition B = TU. Write b = Lie(B),t = Lie(T),n = Lie(U). Let B be the 
variety of Borel subgroups of G. 

6.1. LctZ = {(x,B u B 2 ) £ QxBxB\xe binb 2 }, Z' = {{x,Bx,B 2 ) € gx6xS|xS 
Hi H ri2}. Denote t'c the number of positive roots in G and r the dimension of T. 
Let c be a nilpotent orbit in q. 

Lemma 6.1. (i) We have dim(c n n) < \ dime. 

(ii) Given i£c, we have dim{i?i 6 B\x £ xii} <v G — \ dime. 

(iii) We have dim Z = dim G and dim Z' = dim G — r . 

Proof. We have a partition Z = UoZo according to the G-orbits O on B x B 
where Zq = {(x, Bi, B 2 ) € Z\(Bi,B 2 ) € 0}. Define in the same way a partition 
Z' = Uo^o- Consider the maps from Z a and Z' to 0: (x, B U B 2 ) i-> (Bi,B 2 ). We 
have dimZo = dim(binb2) + dimO = dimG and dimZ' = dim(ninn2) + dimO = 
dim G — r. Thus (iii) is proved. 

We now show (ii) is a consequence of (iii). Let Z'(c) be the subset of Z' defined by 
Z'(c) = {(x, Bx, B 2 ) £ Z'\x £ c}. If Z'(c) is empty then the variety in (ii) is empty 
and (ii) follows. Hence we may assume that Z'(c) is non-empty. From (iii), we have 
dimZ'(c) < dimG — r = 2vq. Consider the map Z'(c) — * c, (x, Bi, B 2 ) i— > x. We 
have dimZ'(c) = dime + 2dim{Bi £ B\x £ tii} < 2v G . Thus (ii) follows. 

Finally we show that (i) is a consequence of (ii). Consider the variety {(x, B\) £ 
c x B\x £ rii}. By projecting it to the first coordinate, and using (ii), we see that 
it has dimension < vq + h dime. If we project it to the second coordinate, we get 
dim(c n n) + dimS < vq + i dime and (i) follows. □ 

6.2. Recall an element x in g is called regular if the connected centralizer Z G (x) 
in G is a maximal torus of G. 

Lemma 6.2. There exists regular semisimple elements in q and they form an open 
dense subset in g. 

Proof. We first show that regular semisimple elements exists in g. 

(i) G = 50(271+ 1). Let V be a 2n + 1 dimensional vector space equipped with a 
non-degenerate quadratic form Q : V — > k. Let ( , ) be the bilinear form associated 
to Q defined by (v,w) = Q(v + w) + Q{v) + Q(w). Then G is defined as {g £ 
GL(V)\ Q(gv) — Q(v), V v £ V}. Since Q is non-degenerate, we have diml/^ = 1. 
Let V 1 - = spanjwo}, we have gvo — vq, for any g £ G. Hence the Lie algebra is 
{x £ End(V)\(xv, v) = 0, V v £ V; xv a = 0}. We identify V with k 2n+1 and let the 
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standard basis of V be e, = (0, . . . , 1, . . . , 0), i — 1, . . . , 2n+ 1. Can assume Q(f) = 

(Onxn Inxn \ 
Onxn 0„ xn . Then 
1/ 

a maximal torus T of G is {diag(ii, £2, • ■ • , t n , 1/ii, l/i2, • • • 1/im G fc*, i 

I n}. The Lie algebra t of T is {diag(xi, x 2 , ■ • ■ , x n , xi,x 2 , ■ ■ ■ x n , 0)\xt £ k,i = 

1, . . . , n}. Since every semisimple element in g is conjugate to an element in t under 
the adjoint action of G, it is enough to consider elements in t. 

Let x = diag(xi, x 2 , ■ . . , x n ,xi,x 2 , ■ ■ ■ x n , 0), where Xi 7^ Xj, for any i 7^ j and 
Xi 7^ for any i (such x exists). It can be easily verified that Zq(x) consists of 

/ A x A 2 \ 

the elements of the form g = \ A 3 A4, where Ai — diag(a*, af , . . . , a"), i = 

A ° 1 / 

1,2,3, 4, satisfy ajeig = a^a^ = and a\a\ + a? 2 a\ = 1, j = 1, . . . , n. Hence we see 
that Zq(x) = T and x is regular. 

(ii) G is the adjoint group of type C n . We have the following construction 
of G. Let V be a 2n dimensional vector space equipped with a non-degenerate 
symplectic form ( , ) : V x V — > fc. Then G is defined as {(5, A) e GL(F) x 
fc*|V G V 7 (gv,gw) = X(v, w)}/{(fil, m 2 )Im € ^*}- Hence the Lie algebra is 
{(a;, A) g End(F) x fcjv i>,tu g V", (if,w> + (u,xw) = \{v, w)}/{((j,1, 0)|/z € fc}. 
Similar to (i), we identify V with fc 2 ™. In the standard basis ej, we can assume 

(v,w) = v t Aw where A ~ ( ^ Inxn \ ^ & max i ma i torus T of G is 

\ -Inxn U y 

{diag(ti,t 2 ,...,t„,A/ti,A/i 2 ,...A/t n )|ti g fc*, i = 1, . . . , n; A g k*}/{(fil, ^ 2 )|a* e 
fc*}. The Lie algebra t of T is {diag(a?i, x 2 , . . . , x„, A + x±, A + a; 2 , . . . A + x n )\x{ <E 
fc,i = l,...,n;Ag fc} /{(///, 0)|ju g fc}. 

Let x = diag(xi, x 2 , ■ ■ ■ ,x n , xi + A, x 2 + A, . . . x n + A) € t, where a;, 7^ x^, for 
any i ^ j and A 7^ i, + a?j for any i, j(such a: exists). It can be verified that the 

elements in Zq(x) must have the form q = ( "4 1 ^f 2 J where each row and each 

\ A 3 A 4 J 

column of G has only one nonzero entry and (A\)ij 7^ (A^jij 7^ 0, {A 2 )ij 7^ 

{As)ij 7^ 0. Hence we see that Zq{x) = T and x is regular. 

(iii) G is the adjoint group of type D n . We have the following construction of G. 
Let V be a 2n dimensional vector space equipped with a non-defective quadratic 
form Q : V — > fc. Let ( , ) be the bilinear form associated to Q defined by (u, w) = 
g(w+w) + g(w) + g(w). Then G is defined as {(g,X) g GL(F) x fc*|V w € V,Q(pu) = 
A<9(u)}/{(/z/, ^ 2 )|^ e fc*}. Hence the Lie algebra is {(a;, A) e End(F) x fc|V u e 
V,(ot,i;) = A<9(u)}/{(/i/,0)|/i € fc}. We identify V with fc 2 ". In the standard 

basis e,, we can assume Q(v) = v l Bv where s = ( q V ) ' Thcn & maximal 
torus T of G is {diag(ti, t 2 , . . . , t n , \/t 2 , . . . \/t n )\ti e k*,i = l,...,n;A e 
fc*}/{(/i/, m 2 )Im € fc*}. The Lie algebra t of T is {diag(xi, a; 2 , • ■ • , x n , X + Xi,X + 
x 2 ,...X + x n )\xj g fc, z = 1, . . . ,n; A g fc}/{(/iJ, 0)|^ g fc} . 

Let x — diag(xi, x 2 , . . . , x n , Xi + A, x 2 + A, . . . x n + A) g t where a;^ 7^ a;^, for any 

1 7^ j and X ^ Xi + Xj for any i 7^ j (such x exists), then similarly one can show 
that Zq(x) = T and x is regular. 

Now denote by to the set of regular elements in t. From the above construction, 
one easily see that to is a dense subset in t. Thus dim to = dimt = r. Consider 
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the map to x G — > g (x, g) i— > Ad(g)x. The fiber at y in the image is {(x,<?) G 
to x G\Ad(g)x — y}. Consider the projection of {(x,g) € to x G\Ad(g)x = y} 
to the first coordinate, the fiber of this projection is isomorphic to Zq(x), for 
x £ to, which has dimension r. The image of this projection is finite. Hence 
dim{(x,g) G to x G\Ad(g)x — y} = r. It follows that the image of the map 
to x G — » g, (x, <?) i— > Ad(g)x has dimension equal to dim(to x G) — r — dimg. This 
proves the lemma. □ 

Remark 6.3. Lemma \6. 21 is not always true when G is not adjoint. 

6.3. Let Y be the set of semisimple regular elements in g, then by Lemma 16 . 21 
dimY = dimG. Let Y = {(x,gT) e Y x G/T|Ad(g- 1 )(a;) € to}. Define tt : Y -> Y 
by n(x,gT) = x. The Weyl group W = NT/T acts (freely) on Y by n : (x,gT) h-> 
(a;, T). 

Lemma 6.4. it :Y —> Y is a principal W -bundle. 

Proof. We show that if a; € g, g, g' £ G are such that Ad(g~ 1 )x € to, Ad{g'^ 1 )x £ to, 
then = gn -1 for some n £ AT. Let Ad(s> _1 )a! = t\ € t , Ad(.g' _1 )a; = t 2 £ t , 
then we have Zg(x) = Z£(Ad(g)£i) = gZ^^g' 1 = gTg- 1 , similarly Zg(x) = 
Z° (Ad(g')t 2 ) = (i 2 )g'- 1 = g'T 5 '-\ hence g'- 1 .? e AT. □ 

Let X = {(x,gB) £ gxG/B\Ad{g^)x e b}. Define^ : A -> g by tp(x, gB) = x. 
The map ip is G-equivariant with G-action on X by go : (x, gB) i— > (Ad(go)a;, gogB). 

Lemma 6.5. (i) A is an irreducible variety of dimension equal to dimG. 

(ii) ip is proper and <p(X) = q = Y . 

(iii) (x,gT) — > (x,gB) is an isomorphism 7 : Y — > y> _1 (Y). 

Proof, (i) and (ii) are easy. For (iii), we only prove that 7 is a bijection. First 
we show 7 is injective. Suppose (xx,gxT), (x2,g2T) £ Y are such that (xi, g\B) = 
(X2, 52-B), then we have Ad{g^ 1 ){x\) £ to, Ad(g 2 ~ 1 )(x2) £ to and xi = X2,g 2 ~ 1 gi & 
B. Similar argument as in the proof of Lemma 16.41 shows g 2 ~ 1 gi £ AT, hence 
<?2 <?i S B n AT = T and it follows t/iT = (72T. Now we show 7 is surjective. For 
(x, gB) £ </? _1 (Y), we have x £ Y, Ad(g _1 )(x) € b, hence there exists b £ B, x S to 
such that Ad(g~ 1 )(x) = Ad(6)(x ). Then >y(x,gbT) = (x, ff £i). □ 

Since tt : Y — » Y is a finite covering, mQ.y is a well defined local system on Y. 
Thus IC(g, w\Q,y) is well defined. 

Proposition 6.6. (f\Qix is canonically isomorphic to JC(g,mQ,y). Moreover, 
EndiwQix) = EndfaQtf) = Qi[W}. 

Proof. Using 7 : Y ^> p -1 (Y) and Q;x| v -i(y) = we have ^iQix|y = tiQ,?- 
Since <p is proper and X is smooth of dimension equal to dim Y, we have that the 
Verdier dual D((piQix) = <p\(5)Qix) — P'.Qix [2 dim Y]. Hence by the definition of 
intersection cohomology complex, it is enough to prove that 

V i > 0, dimsnppH 1 (ip\Qix) < dimY - i. 

For x € g, the stalk 'H % x {<p\Q.lx) = Hl((p~ 1 (x),Qi). Hence it is enough to show 
V i > 0,dim{x G QlHiicp- 1 ^),^) ^ 0} < dimY - i. If H i c ((p- 1 (x), Qi) ^ 0, then 
i < 2 dim^ -1 (x). Hence it is enough to show that V i > 0, dim{x £ g| dim<^ _1 (x) > 
i/2} < dim Y — i. Suppose this is not true for some i, then dim{x £ g| dim<£> _1 (x) > 
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i/2} > dimy — i. Let V = {x € g\ dim ip~ x (x) > i/2}, it is closed in g but not equal 
to g. Consider the map Z = {(x, Bi,B 2 ) G gxBxB\x G biHb2} — > 0, (x, B\,B 2 ) h-> 
x. We have dimy _1 (V) = dim V + 2 dim t^ -1 (a;) > dim V + i > dimK (for some 

x G V). Thus by Lemma 16.11 (iii), this inverse image contains some Zo,0 = G- 
orbit of (BjTiBn^ 1 ). If a; € to, then (s,5,nBn _1 ) G Zq, hence x belongs to the 
projection of tp" 1 (V) to jj which has dimension dim V < dim Y, But this projection 
is G-equivariant hence contains all Y. We get a contradiction. 

Since it is a principal I^-bundle, we have Endm (Q z p) = Qj[W]. It follows that 
End(^iQix) =Qi[W}. a 

6.4. In this subsection, we introduce some sheaves on the variety of semisimple 
G-conjugacy classes in g similar to [H[S]. 

Lemma 6.7. A G-conjugacy class in g is closed if and only if it is a semisimple 
class. 

Proof. It follows from the following lemma that a semisimple G-conjugacy class in 
g is closed: Let G act on an affine variety V and v G V be such that G v contains a 
maximal torus, then G.v, the orbit of v, is closed (see for example JJi). 

Now we show that the closure of a G-conjugacy class contains, along with each 
element, its semisimple part. Then the only if part follows. Let S be a G-conjugacy 
class in g, x G S. Can assume x G b, with Jordan decomposition x = x s + x n such 
that x s G t, x n G n. Let R be the root system of G relative to T. We have a weight 
space decomposition g = t© (BaeRda, where g a — {x £ g\Ad(t)x — a(t)x,Vt G T} 
is one dimensional for a G R (see for example [11]). Write x n = X^qg/s+ ''a 3 '"' 
where i? + is the set of positive roots, r Q G k and IS cL basis in g Q . For a given 
r G k*, choose t G T such that a(<) = r for any simple root a. Then we have 
Ad(t)(x) = x s + T a T hta x a , where hta is the height of a. Hence ^2 

T a T X a 

belongs to the closure of x s + S, for every t G k*. Take any / G k[g] such that 
f(x s + S) = 0. The map r ► /(X) T' a T hta a; Q ) is a polynomial map, which is zero 
on k*, hence it is identically zero. In particular, /(0) = 0. It follows that x s G S, 
the closure of S. □ 

Let A be the set of closed G-conjugacy classes in g. By geometric invariant the- 
ory, A has a natural structure of affine variety and there is a well-defined morphism 
a : g — > A such that cr(x) is the G-conjugacy class of x s . There is a unique u> G A 
such that cr~ 1 (a;) — {x G g\x nilpotent}. 

Lemma 6.8. The map a : t — > A is a finite covering, where a is the restriction of 

IT. 

Proof. We show that for xi,X2 G t, if <r(xi) = <j{x2), then there exists w G W 
such that X2 = Ad(u>)xi. Since cr(xi) = <r(x2), there exists g G G such that 

xi = Ad(g)(x 2 ). It follows that Z%(x{) = gZ%(x 2 )g' 1 . We have T C Z%(xi) and 
gTg^ 1 C Z^(xi). Hence there exists /i G ^g(xi) such that hTh^ 1 = gTg^ 1 . Let 
n = g~ 1 h, we have X2 = Ad(g~ 1 )xi — Ad(nh~ 1 )xi — Ad(n)xi. □ 

Recall Z = {(x,B 1 ,B 2 ) G g x B x B\x G bi n b 2 }. Define a : Z -> A by 
ct(x,Si,B 2 ) = cr(x). For a G A, let Z a = cr _1 (a). 

Lemma 6.9. VFe /iawe dimZ a < do, where do = dimG — r. 
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Proof. Define m : Z a — > a^ 1 (a) by (x,Bi,B 2 ) i— > x. Let c C <7 _1 (a) be a G- 
conjugacy class. Consider m : m _1 (c) — > c. We have dimm _1 (c) < dime + 2(vq — 
i dime) = dimG — r. Since a^ 1 (a) is a union of finitely many G-conjugacy classes, 
it follows that dimZ a < do. □ 

Let T = H 2do mQiz. Let £ be a locally closed subset ofBxB which is a union 
of G-orbits. We set E Z = {(x,B u B 2 ) G x B x B|a; € bi n b 2 , (£1,-82) € 
Let E T = H 2da a}% (a constructible sheaf on A), where cr 1 : B Z -> A is the 
restriction of a on E Z. 

Lemma 6.10. If E is one orbit O, then E T = mQi, where a : t — > A is the 
restriction of a . 

Proof. The fibre of the fibration pr 2 % : E Z — * E at (£?, nBn~ r ) G E maybe identi- 
fied with V" = {a; G $\x G b, Ad(n- 1 )(x) G b}. Let B T'_= H 2d °- 2dimB crfQ ; , where 
cr' : V -> A is x i-> o-(af). Let B T" = H Mo+2dimH oj'Q z , where H = B D nBn- 1 

and cr" : G x V — > A is (5, x) 1— > cr(a;). Consider the composition GxF — ^> V -^-> 

p (J 1 

A(equal to cr") and the composition Gx7-» H\(G x V) — E Z — > A (equal to 
cr"), we obtain E T" = H 2do+2dimH (a{pr 2 \Qi) = H 2do+2dimH (a[Qi[-2 dimG]) = 

E T , E T n = W 2d +2dimH( CT l p! Q i ) = j^2d +2 dim if ((j|'Q; [ — 2 dim -ff]) = B T. It fol- 
lows that E T = E T'. Now V is fibred over t with fibres isomorphic to n n nnn . 
The map a' : V — > A factors through a : t — » A. Since n n nnn -1 is an affine space 
of dim G — r — dimS, we see that E T = E T' = Ti°d-\Qi. Since a is a finite covering 
(Lemma UTS}, we have E T = m%. □ 

Denote T u and the stalk of T and E T at a; respectively. 

Lemma 6.11. For w G let E w be the G-orbit on B x B which contains 

(-B, n^-Bn" 1 ). There is a canonical isomorphism 7^, = @ W £yy Ew Tu- 

Proof. We have cr" 1 ^) = Z' = {{x,B u B 2 ) G x B x B\x G tli H n 2 }. We 
have a partition = U^gyi/^Z', where = {(x, B\,B 2 ) G g x B x B\x G 

Di fl n 2 , (Bi,B 2 ) G -£„,}■ Hence we have an isomorphism 

H 2 c d °{Z',%) = H^i^Z'.M), 

which is 7L = © weW/ B -T w . □ 

Recall that we have Q;[W] = End(7riQ ; y) = End^iQjx). In particular, 
is naturally a W-module and f\Qix <S> ViQ/x is naturally a VY-module (with 
acting on the first factor). This induces a W^-module structure on H 2d °o-\(p\Qix <8 
flQlx) = 7". Hence we obtain a module structure on the stalk T u . 

Lemma 6.12. Let w G W. Multiplication by w in the W -module structure of 
T u = (Bii.'eiv E ™'Tui defines for any w' G W an isomorphism E ™'T LU —> E ™™'T UJ . 

Proof. We have an isomorphism 

/ . E W , Z , ^ E WW , Z ^ ^gBg-l^g'Bg'-l) ^ { X , gjl^ Bfl w Q^, 9 ' B 9 ' ~ l ) . 

This induces an isomorphism 

H 2do ( E -'Z',Qi) A H 2d °( E ^'Z',Qi) 
which is just multiplication by w. □ 
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6.5. Let W be a set of representatives for the isomorphism classes of simple W- 
modules. Given a semisimple object M of some abelian category such that M is a 
W-module, we write M p — HoniQ^^p, M) for p G W. We have M = ® pEW (fi ® 
M p ) with VF acting on the p-factor and M p is in our abelian category. In particular, 
we have mQ,y = © pel y(p<X>(7]"!Q /y )p), where (mQ^p is an irreducible local system 
on Y. We have <p,Q ;x = ® pe w(p® (<plQix) P ) where (<p,Qzx)p = IC(Y, (iiQ^),). 
Moreover, for a G A, we have 7^ = 0„ 6 ^(p ® (^a)p)- Let ip : X — > g = Y 
be as before. Set F w = {x e F|cr(a;) = I u = ^(i™) C X. We have 
r = {i 6 fl|a; nilpotent}. Let tp" : X w — > Y w be the restriction of <p : X — > g. 

Lemma 6.13. (i) X" and Y" are irreducible varieties of dimension do = dim G—r. 

(ii) We aave (<p\Qix)\y"-' — vfQlX"- Moreover, pfQix^ido] is a semisimple 
perverse sheaf on Y 03 . 

(hi) We have (>fi\Qix) p \y" f or an V P G W\ 

Proof, (i) Y u is the nilpotent variety, it is well-known to be irreducible of dimension 
dimG-r. Now X" = {{x,gB) egx B\x G Ad (cT 1 ) (a;) G b} = {(x,gB) G g x 
S|Ad(<7 -1 )(x) G n}. By projection to the second coordinate, we see that dimX^ = 
dimn + dimS = dimG — r. This proves (i). 

The first assertion of (ii) follows from base change theorem. We have ip u is 
proper (Y u is closed and hence X^ is closed). By similar argument as in the proof 
of Proposition [6T6l to show that pfQix^ [do] is a perverse sheaf, it suffices to prove 
that V i > 0, we have dimsuppW*(ipj J Qzx a ') < dimY" — i. It is enough to show 
Vi>0, dim{x G Y w \dim(ip w )~ 1 (x) > i/2} < dim?" - i. If this is violated for 
some i > 0, it would follow the variety {(x, B 1: B 2 ) G g x B x B\x G ni n 
has dimension greater than dim Y u = dim G — r, contradict to Lemma 16.11 This 
proves that (pfQix-* [do] is a perverse sheaf. It is semisimple by the decomposition 
theorem]!]. This proves (ii). 

Now we prove (hi). By Lemma ETTU1 we have El T u = H°(t H cr" 1 ^), Qi) ^ 0. 
From Lemma 16.121 we see that the JY-module structure defines an injective map 
%[W] <8> £l Since Bl T„ + 0, we have (Qi[W] <g> £l T w ) p ^ for any p € W", 

hence {%)„ + 0. We have % = H^ d «(Y^, p,Qi X <g> ^Q/x), hence 

P® (r w ) p - p® if c 2d °(r", (^Qix)p ® ^iQzx), 
pew pew 

this implies that (T w ) p = H^ do (Y u , {(p<Qix) P ®<P\Qix)- Thus it follows from (T w ) p ^ 
that ((piQ/x) P |y- ^ for any p G W. □ 

Let 21 be the set of all pairs (c, T) where c is a nilpotent G-conjugacy class in g 
and T is an irreducible G-equivariant local system on c (up to isomorphism). 

Proposition 6.14. (i) The restriction map End T> (Y)i l P' t Qix) — > End v ^ Y ^){f l \^-iX"') 
is an isomorphism. 

(ii) For any p G W, there is a unique (c, T) G 21 such that (<P!Qix)p|-p^ [do] * s 
IC (c, T) [dime] regarded as a simple perverse sheaf on Y" (zero outside c). More- 
over, p i— ► (c, T) is an injective map j : W — ► 21. 

Proof. We prove (i). We have a decomposition tpiQiA' = © pe vy ( < y 9 ! ( Qix)p where 
(<P\Qix) p[dimY] are simple perverse sheaves on Y. Restricting to Y u and using 
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Lemma 16.131 (ii), we obtain a decomposition ip^Qix* = ® pe w P® ( 1 P<.Qix)p\y^ ■ 
Hence the map in (i) factorizes as 

End v(Y) (tp\Qix) = End v(Y )(P^> (if\Qix) P ) 
pew 

i End^^Go® (<p\Qix) P \ Y ») ^ End^)(^?Q««) 
pew 

where c is injective. We have b = (B P b p where 

b p : End(p) <g) End x , ( y ) ((9?,Q w ) p ) -> End(p) ® Endp^^QuOpI?") 

is injective. (We use that End^y-) (OiQ;x)p) = C End T> ^){{<f\Qix) P \Y")> 
since (<PiQ;x)pIf^ ^ by Lemma [6. 131 (iii).) Hence b is injective, so the map in (i) 
is injective. Hence it remains to show that 

dimEnd^-p^^Q/x-) = dimEnd^y-^iQ/x)- 

We have 

dimEnd^^Q,^) = dimH°(Y", <p?Q lx » Mo] ® 3)(v^QiX<- Mo])) 

= dimtf c °(y^<Q ;x .N <8 ¥>fQuc-[do]) = dimH c 2do (F^<<L^ ® pfQix-) 

= dimlff (y», ^.Q lx ® y>!Qi X ) = dimT w - dim£ ™ T "- 

(The first equality follows by the argument in [5] section 7.4 applied to the semisim- 
ple perverse sheaf (pfQix-* Mo] on Y w . The fourth equality follows from Lemma r6.13l 
(ii). The sixth follows from Lemma \6. Ill ) 

We have Em T LU = H^a- 1 ^),^) (see Lemma l6~T0| . hence dim s ™7^ = 1 and 

53 dim £ » T w = |W| = dimEnd v{Y) (^.Qix)- 
wew 

This proves (i). 

From the proof of (i) we see that both b and c are isomorphism. It follows that 
the perverse sheaf {f\Q_ix)p\y^ Mo] on y"(see Lemma P6. 13[) is simple and that for 
p,p' £ W, we have (tp\Qix) P \ Y j? Mo] — (<PlQix)p> \ Y «> Mo] if and only if p = p'. Since 
the simple perverse sheaf {tpiQix) p\y u Mo] is G-equivariant and 1"" is a union of 
finitely many nilpotent G-conjugacy classes, we see that (<p\Qix) p \y" Mo] must be 
as in (ii). □ 

6.6. In this subsection let G = SOn(^) and q — Ojv(k) be the Lie algebra of G. 
Let G ac i be an adjoint group over k of the same type as G and g a d be the Lie 
algebra of G a d- For q a power of 2, let G(F q ), fj(F 9 ) be the fixed points of a split 
Frobenius map $ q relative to F g on G, q. Let G aa -(F q ), g a d(F q ) be defined like 
G(F q ), g(Fg). Let 21 be the set of all pairs (c, T) where c is a nilpotent G-orbit 
in q and T is an irreducible G-equivariant local system on c (up to isomorphism). 
Let 2l a d be defined as in the introduction for G a d- We show that the number of 
elements in 2l a d is equal to the number of elements in 21. 

We first show that the number of elements in 21 is equal to the number of nilpotent 
G(F 9 )-orbits in fl(F g ) (for q large). To see this we can assume k = FV Pick 
representatives X\,..., xm for the nilpotent G-orbits in g. If q is large enough, the 
Frobenius map $ q keeps Xi fixed and acts trivially on Zcixi) / Z^Xi). Then the 
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number of G(F g )-orbits in the G-orbit of x% is equal to the number of irreducible 
representations of Zcixi) f Z^,(xi) hence to the number of G-equivariant irreducible 
local systems on the G-orbit of a;,-. Similarly, the number of elements in 2l ac ; is 
equal to the number of nilpotent G a£ ;(F g )-orbits in g a d{F q ). 

On the other hand, the number of nilpotent G(F 9 )-orbits in fl(F g ) is equal to the 
number of nilpotent G a( j(F g )-orbits in g a d(F q ). In fact, we have a morphism G — > 
G a d which is an isomorphism of abstract groups and an obvious bijective morphism 
U — ► U a d between the nilpotent variety W of g and the nilpotent variety U a d of 
Q a d- Thus the nilpotent orbits in g and Q a d are in bijection and the corresponding 
component groups of centralizers are isomorphic. It follows that |2l| = |2l a <i|- 

Let W be the set of simple modules (up to isomorphism) for the Weyl group W 
of G a d- (A description of W is given for example in [7].) 

Corollary 6.15. |2l| = |2l od | = \W\. 

Proof. From Proposition 15.11 (i) , Corollary 15.21 and the above argument we see 
that |2l| = |2l Q( j| < \W\. On the other hand, by Proposition 16.141 (ii),wc have 
|2W| > \W\. □ 

Remark 6.16. Corollary 16. 151 also holds when G and G a d are of type G (see [8]). 

Corollary 6.17. The map 7 in Proposition \6. li\ (ii) is a bijection. 

Corollary 6.18. Proposition \4-l\ Corollary \4- 6 2\ Provosition \ 5.1l Corollary \5.<H 
hold with all "at most" removed. 

Proof. For q large enough, this follows from Corollary 16. 151 Now let q be an arbi- 
trary power of 2. The Frobenius map $ q acts trivially on W . Since we have the 
Springer correspondence map 7 in Proposition ^. 141 (ii). for each pair (c, T) € 2l a( z, 
c is stable under the Frobenius map $ q and we have ^^{J-) =■ T. Pick a rational 
point x in c. The G ac ;-equivariant local systems on c are in 1-1 correspondence 
with the characters of Zc ad (x) / 'Zq d (x). Since Zc ad {x) / Zq d (x) is abelian (see 
Proposition 17.11 and the argument above) and the Frobenius map $ q acts trivially 
on the characters of Zc ad {x) / Zq^x), $ q acts trivially on Zc ad (x) / Zq^x). Thus 
it follows that the number of nilpotent G Q( i(F g )-orbits in g a d(F q ) is independent of 
q hence it is equal to \%i a d\ = \W\. □ 

A corollary is that in this case there are no cuspidal local systems similarly 
defined as in [4]. This result does not extend to exceptional Lie algebras. (In type 
F4, characteristic 2, the results of [S] suggest that a cuspidal local system exists on 
a nilpotent class.) 

7. COMPONENT GROUPS OF CENTRALIZERS 

We have the following proposition on the structure of component groups of cen- 
tralizers. 

Proposition 7.1. (i) Assume V is defective. Let x € o(V) be a nilpotent element 
corresponding to the form module (-^O^Ai)^ 2 )™^) ' ' ' (^ s )x(a )■ Denote by n\ the 
cardinality of {1 < i < s — l\x(\i) + x(^i+i) < ^ii x(^i) 7^ ^i/2}. We have 
Z o{v) (x)/Z o(v) (x) = (Z 2 rK 

(ii) Assume V is non- defective. Let x G o(V) be a nilpotent element correspond- 
ing to the form module (^i)™(a 1 )(-^ 2 )™(A2) ' ' ' ^ s ^x(A V Denote by n 2 the cardinality 
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of {1 < i < s\x(Xi) + x(A i+ i) < Xi, x(Ai) ^ \i/2} (here define x(A s +i) = 0). As- 
sume ni>\. Then Zso(V)(%)/Zso(v)( x ) ~ O^)" 2 " 1 - 

Proof, (i) Let us write Z = Zo(v){%) an d Z° = Z^/y^a;) for simplicity. Assume q 
large enough. We know that the group Z/Z° has 2™ 1 conjugacy classes, since the 
G-orbit of x splits into 2™ 1 G(F,)-orbits in g(F 9 ) (Corollary RTTg)) . We show that 

(*) |Z(F g )| = 2" 1 q dim < z > + lower terms in 9 . 

Then it follows that Z/Z° is an abelian group of order 2" 1 . We prove (*) by 
induction on n\. Suppose ni — 0, then Z/Z° has only one conjugacy class. It 
follows that Z/Z° = {1} and (*) holds for m = 0. Suppose n\ > 1. Let t 
be the minimal integer such that x(At) ^ At/2 and x(A{) + x(At+i) < \f Let 

* = ( a ^a i) (^)-(^) and ^ - (^OXo-^)SV.)- Then 1/1 

is non-defective. Write Zj = Z (y.)(Vi) an d ^* = ^o(y-)^)' * = ^' ^ e nave 
l^o(vo(^i)/4o(vo(^)l = 1 l^/^il = 2 - It follows that |Z X (F,)| = 2g dlm ^ + 
lower terms in q. We show that \Z(F q )\ = \Z x (F q )\ ■ \Z 2 (F q )\ ■ \Bom A (Vi, V 2 )(F q )\. 
Consider V\ as an element in the Grassmannian variety Gr(V,r) of dimension r = 
E*=i™A- Then C(V) = {g € GL{V)\gx = xg} acts on Gr{V,r). The orbit 
of Vi has cardinality g dimHonu(Vi,v a )_ Now we have C(V)(Vi © V 2 ) = C(V)Vi © 
C(V)V 2 = Vi © V 2 . By our choice of V 7 ! and V 2 , it follows that C{V)V X = Vi and 
C(V)V2 = Vi. Thus C(V)Vi is in the orbit of V% under the action of Z. Hence 
\C(V) Vi I = |Z Vi|. The stabilizer of Vi in Z is the product of Z x and Z 2 . Hence 

|Z(F ? )| = |Zi(F,)| • \Z 2 (¥ q )\ ■ g dimHomA(Vi,^)_ Thug the assertkm (*) f U ows f rom 

induction hypothesis since we have dimZi + dim Z 2 + dim Hom^Vi, V 2 ) = dimZ 
and |Hom^(Fi,F 2 )(Fg)| = g d™Hom Jl (Vi,v r 2 ) < 

Next we show there is a subgroup (Z 2 ) ni C Z/Z°. Thus Z/Z° has to be (Z 2 ) ni . 
Let 1 < i x , . . . , i ni < s- 1 be such that x(A^ ) > X ij /2 and x(A^ ) + x(A^+i) < A^ , 
j = l,...,n x . Let Vj = (Ai i - 1 +i) x( A i ._ i+l) ' ' ' (AiJ^.), i = 1,. + 1, where 
*o = 0, »ni+i = s - Then V — ViffiV^ffi- ■ -(BV ni+x . We have Vi, i — 1, . . . , n x are non- 
defective and V ni+ i is defective. Moreover, we have Zo(Vi)(Vi)/ZQ, v .JVi) = Z 2 , 

i = 1,. . .,n x , and Z (v ni+1 ) (V ni + X )/Z°, (y ni+1 ) ( V m+i) = U}- Take 0» € £o(V 4 )0'») 
such that ffi^o(v«)(^) S enerates ^0(^(^/^0(14)^' * = l,...,rii. We know 
each Vi, i = 1, . . . , Tii, has two isomorphism classes V^ , V^ 5 over F 9 . Let m- and m\ 
be two elements in o(Vi)(F q ) corresponding to V® and Vf respectively. Can assume 
x = 77i^ © ?7z 2 © • • • ® m°j ffim„ 1+ i. Let 5, = 7dffi •••© & © ••• © Id, i = 1, . . .,m. 
Then we have j, e Z and & £ Z°, since V? © • • • © V° © • • • © V° ± © V^+i ^ 

© • • • © Vf © • • • © V£ © (Corollary iHl). We also have the image of 

9ii ' ' '5j p ' s i 1 ^ *i < ' ' ' < *p ^ n ii P — lj...,ni, in Z/Z° are not equal to each 
other. Moreover e Z°. Thus the giZ 0, s generates a subgroup (Z 2 ) ni in Z/Z°. 

(ii) Let us write Z = Zso(y)(x) and Z° = Zg G /ys(a;) for simplicity. Assume 
n 2 > 1. We know that the group Z/Z° has 2™ 2 " 1 conjugacy classes since the G-orbit 
of a; splits into 2" 2_1 G(F 9 )-orbits in g(F q )(q large enough). The same argument 
as in (i) shows that |Z(F g )| = 2 n2 ~ 1 q dim ^ ©lower terms. Then it follows that 
Z/Z° is an abelian group of order 2™ 2_1 . Let 1 < i±, . . . .i n . 2 < s be such that 
X(AiJ > A^/2 and x(A if ) + x(Ai 3 +i) < A^, j = 1,.. . ,n 2 . 
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Case 1: X (A S ) = A s /2. Then z„ 2 < a. Let V 3 = (V^+OtfA^+O ' ' ' ^Q^V 
j = 1, .. . ,n 2 + l, where i = 0, z„ 2+ i = s. Then V = Fi ©F 2 ©- • -®K 2 +i- We have 
^o(v 4 )(V$)/Z£ (V5) (Vi) = Z 2 , i = 1, . . . ,n 2 andZ 0( y ?i2+l) (K 2 +i)/^o(v„ 2+1 )( vr ™2+i) = 
{1}. Take & e Zo(Vi)(Vi) such that ffi-^o(v 4 )(^») generates Z ( Vi) (Vi) / Z^ {v ^(Vi), 
i = 1, . . . , n 2 . Let & = pi Id © • • • © g% © ■ ■ ■ © Id, i = 2, . . . ,n 2 . We have g t G Z 
and §i ^ We also have the image of ■ ■ ■ (ji p 's, 2 < ii < ■ ■ • < i p < n 2 , 
p = 1, . . . , n 2 — 1, in are not equal to each other. Moreover gf £ Z°. Hence 

the giZ°'s generates a subgroup (Z2)™ 2-1 in Z/Z°. 

Case2: X (X S ) > A s /2. Then i m = s. Let V j = (Xij. 1+ i) x ^_ + i+l) • ■ ■ (Ay) x( ^), 
j = 1, . . . , n 2 , where io = 0. Then V 7 = Vt © • •• © V n2 . Each V* is non-defective. 
We have Z 0(v .)(V r i )/Z^ (v . ) (V r i ) = Z 2 , i = 1, . . . ,n 2 . Take & e Z ( V< )(Vj) such that 

0i^o(v<)(**) generates Z (Vi)(Vi)/ z o(yi)( V i)> i = l,...,n 2 . Let <?; = ^ffi/d©---© 
ffi©-- -®Id, i = 2, • •• ,n 2 . The <7jZ°'s generates a subgroup {Z 2 ) ri2 ~ 1 in □ 
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